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Abstract
We prove the existence of adequate homogeneous bases in the connected integer gradation
with the greatest number of non-trivial subspaces on a nilpotent Lie algebra in the quasi-fili-
form case. The existence of those bases allows the description of the structure of the family in
each dimension. Finally, we obtain the classification of the graded quasi-filiform Lie algebras
considered. © 2001 Elsevier Science Inc. All rights reserved.
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1. Introduction
If g is a nilpotent Lie algebra of dimension n and nilindex k (index of nilpotency),
it is naturally filtered by the descending central sequence of g, (Cig)0ik (C0g = g,
Cig = [g,Ci−1g]). We consider the filtration given by (Si+1), where Si+1 = g if
i  0; Si+1 = Cig if 1  i  k − 1, and Si+1 = {0} if i  k. Associated to g there
exists a graded Lie algebra gr g =⊕i∈Z gi , taking gi = Si/Si+1. Thus, we have
gr g =
⊕
i∈Z
gi , gi = Ci−1g/Cig.
When gr g and g are isomorphic, denoted by gr g = g, we will say that the algebra
is naturally graded. The filiform case, characterized by its maximum nilindex k =
n− 1, in each dimension (g is filiform if dimCig = n− i − 1 for 1  i  n− 1),
was studied by Vergne [11], who introduced the notation, proving that there are only
∗ Corresponding author. Tel.: +34-9-54552796; fax: +34-9-54557878.
E-mail addresses: jrgomez@cica.es (J.R. Go´mez), ajimenez@cica.es (A. Jime´nez-Mercha´n),
reyes@uhu.es (J. Reyes).
0024-3795/01/$ - see front matter  2001 Elsevier Science Inc. All rights reserved.
PII: S 0 0 2 4 - 3 7 9 5 ( 0 1 ) 0 0 2 7 9 - 8
120 J.R. Go´mez et al. / Linear Algebra and its Applications 335 (2001) 119–135
two algebras of this type, Ln and Qn, when the dimension of the algebra is even, and
there is only one, Ln, if n is odd. The algebras Ln and Qn are those defined on the
adapted basis (X0, X1, . . . , Xn−1), by
Ln = {[X0, Xi] = Xi+1, 1  i  n− 2.
Qn =
{[X0, Xi] = Xi+1, 1  i  n− 2,
[Xi,Xn−1−i] = (−1)i−1 Xn−1, 1  i  q − 1, n = 2q.
(The undefined brackets, except for those expressing anti-symmetry, are supposed to
vanish.)
The naturally graded Lie algebras for the filiform class has permitted Vergne to
study some problems for the considered class. So, in the cohomological study of the
variety of laws of nilpotent Lie algebras established by herself [11], the classification
of the naturally graded filiform Lie algebras plays a fundamental role. Additionally,
the achieved classification allows an easy expression of a filiform Lie algebra.
In a certain way, the algebras Ln or Qn can be considered as the underlying struc-
ture for any filiform Lie algebra. This fact also allows other authors to deal with
different aspects of the theory. For example, using such graded filiform Lie algebras,
Goze and Khakimdjanov gave in [7] the geometric description of the characteristi-
cally nilpotent filiform Lie algebras. Hence, one is motivated to study the natural
gradation on nilpotent Lie algebras families of nilindex different from the filiform
ones (see [2,3]).
In that natural gradation on nilpotent Lie algebras, the subspaces in the grada-
tion and the existence of an appropriate homogeneous basis (needed to obtain the
classification) are a natural consequence of the central descending sequence of the
considered algebras. However, it introduces a restriction by fixing the number of
subspaces in the gradation by means of the nilindex. Thus, often one has to con-
sider families of nilpotent Lie algebras with other types of non-natural gradation.
For instance, when the nilindex is small, the natural gradation provides very lit-
tle information. Cabezas et al. [1] have considered a non-natural gradation, with n
homogeneous subspaces, to study some classification problems on n-dimensional
(n− 3)-filiform Lie algebras, an important family of algebras, which generalizes the
filiform family into the nilpotent Lie algebras of nilindex k = 3.
In the filiform case, we can also use graded algebras with a non-natural gradation
to study some problems about nilpotent Lie algebras. Several authors, for instance
Goze, Khakimdjanov, and coworkers of this paper, have considered graded Lie alge-
bras which admit not just one natural gradation, but a gradation with a large number
of subspaces, because this condition facilitates the study of some cohomological
properties for such algebras (see [1,8,9]). For such a “length” of the gradation, the
main interest is in algebras whose length is as large as possible.
Indeed, Goze and Khakimdjanov [8] point out the important role of filiform Lie
algebras in which brackets are given by{[X0, Xi] = Xi+1, 1  i  n− 2,
[Xi,Xj ] = aij Xi+j+1, 1  i < j  n− 2, j  n− 2 − i.
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This expression could be considered from a gradation g = g1 ⊕ · · · ⊕ gn on the fili-
form Lie algebra family with the homogeneous basis (X0, X1, . . . , Xn−1). The nat-
ural graded filiform Lie algebra Ln (n− 1 subspaces in the natural gradation) also
admits that non-natural gradation, which has n subspaces. However, the filiform al-
gebra Qn cannot admit any gradation with n subspaces. Moreover, there exist other
n-dimensional filiform Lie algebras different from Ln, admitting gradations with that
number of subspaces. As Ln and Qn, those other graded algebras also provide useful
information about the structure of the filiform family in the study of the variety of
laws of nilpotent Lie algebras Nn [6,8].
Thus, it is clear that the knowledge of the graded algebras of a certain class of
nilpotent Lie algebras provides a valuable information in order to know the structure
of such a class.
The gradations with n subspaces are, in a certain way, the finite connected grada-
tions with the greatest possible number of non-zero subspaces, which will be called
maximum length gradations. The algebras with maximum length gradations will be
called maximum length algebras. In [6], we study in this way the graded filiform Lie
algebras, and we obtain the classification of such algebras. In this paper, we con-
sider the quasi-filiform Lie algebras (the nilpotent Lie algebras which have nilindex
k = n− 2) with maximum length gradations, and we determine the maximum length
algebras of the quasi-filiform family.
We now describe how the paper is structured. In Section 2, we introduce the ap-
propriate notation, and we are interested in the study of the existence of adequate
homogeneous bases, which allows us to obtain the structure of the quasi-filiform
Lie algebras with maximum length gradations. In Section 3, we separate the quasi-
filiform Lie algebras admitting maximum length gradations in subfamilies in order
to facilitate the determination of the maximum length algebras, and we summarize
the results in a theorem of classification for the studied algebras. Finally, we show
how symbolic calculus was used to assist the computations and how it can be used
to deal with some similar problems.
2. Length of nilpotent Lie algebras
We will now introduce the notation for the type of connected gradation which we
are going to consider over the nilpotent Lie algebras. We have interested in graded
algebras admitting a gradation with a greater number of subspaces than the natural
gradation. In fact, we are interested in algebras holding two conditions, on one hand,
they must have a nilindex as closed as possible to their dimensions, and, on the other
hand, they must admit gradations with the greatest number possible of subspaces.
Thus, among all nilpotent Lie algebras we will restrict our attention to the filiform
and quasi-filiform cases.
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2.1. Connected gradations
We suppose in this paper that all Lie algebras are defined over the field of complex
number. We also consider Z-graded Lie algebras; that is, admitting a decomposi-
tion g =⊕i∈Z gi , where the subspaces gi satisfy [gi , gj ] ⊂ gi+j for all i, j ∈ Z.
Moreover, the gradations will be finite, with a finite number of non-zero subspaces
gi . We will say that a nilpotent Lie algebra g admits a connected gradation g =
gn1 ⊕ · · · ⊕ gn2 , when each gi , with n1  i  n2, is non-zero. The number of sub-
spaces l(⊕g) = n2 − n1 + 1 will be called the length of the gradation, and when
l(⊕g) = dim g will be called a maximum length gradation.
Definition 2.1. The length l(g) of a Lie algebra g is defined as
l(g) = max {l(⊕g) = n2 − n1 + 1 : g = gn1 ⊕ · · · ⊕ gn2
is a connected gradation} .
This means that l(g) is the greatest number of subspaces from the connected gra-
dations which can be obtained in g. Thus, every Lie algebra g has at least length
equal to 1, because we can consider the connected trivial gradation g = g0. On the
other hand, an algebra cannot have length greater than its dimension. Thus, for every
nilpotent Lie algebra g we have 1  l(g)  dim g. A nilpotent Lie algebra g will be
called of maximum length when l(g) = dim g.
For example, the filiform Lie algebra Ln admits the gradation Ln = g1 ⊕ · · · ⊕
gn, where the subspace gi = 〈Xi−1〉, with 1  i  n, is generated by the element
Xi−1 of the basis (X0, X1, . . . , Xn−1) over which the algebra Ln is defined. Al-
though such a connected gradation on Ln is not natural (g1 = g/C1g), it could be
more useful to consider it because each subspace gi has dimension equal to 1. More-
over, this gradation has the greatest possible number of non-zero subspaces, so the
length of the algebra is l(Ln) = n. Thus, Ln is a filiform Lie algebra of maximum
length.
In addition to Ln, there are other filiform Lie algebras that admit maximum length
gradations. We will denote by α the integer part of α. The algebras denoted in
[8] by Rn, Wn, and the algebras denoted in [6] by Kn and Q′n, are defined in a
homogeneous basis (X0, . . . , Xn−1) by
Rn =
{[X0, Xi] = Xi+1, 1  i  n− 2,
[X1, Xj ] = X2+j , 2  j  n− 3.
Wn =


[X0, Xi] = Xi+1, 1  i  n− 2,
[Xi,Xj ] = 6(i−1)!(j−1)!(j−i)(i+j)! Xi+j+1,
1  i  (n− 3)/2, i < j  n− 2 − i.
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Kn =


[X0, Xi] = Xi+1, 1  i  n− 2,
[Xi,X2(n−2)/2−1−i] = (−1)i−1X2(n−2)/2,
1  i  (n− 4)/2,
[Xi,X2(n−2)/2−i] = (−1)i−1((n− 2)/2 − i)X2(n−2)/2+1,
1  i  (n− 4)/2,
[Xi,Xn−2−i] = 12 (−1)i(i − 1)(n− 3 − i)αXn−1,
2  i  (n− 3)/2,
with α = 0, if n is even and α = 1, if n odd.
Q′n =
{[X0, Xi] = Xi+1, 1  i  n− 2,
[Xi,Xn−2−i] = (−1)i−1 Xn−1, 1  i  (n− 5)/2, n odd.
One can check that l(Rn) = n, l(Wn) = n, l(Kn) = n and l(Q′n) = n. Moreover,
these algebras are the unique filiform Lie algebras of maximum length equal to their
dimension [6]. The importance of these algebras was shown in the study of reduc-
ibility of the variety of laws of the nilpotent Lie algebras Nn. Khakimdjanov [9]
describes in the varietyNn, with n  12, two irreducible components which contain
Rn and Wn, respectively.
Now, we will consider the family of quasi-filiform Lie algebras and we will study
the algebras of maximum length in such a family. Firstly, we have to determine the
structure of those quasi-filiform algebras of maximum length.
2.2. Structure of quasi-filiform Lie algebras of maximum length
To obtain the naturally graded Lie algebras, Vergne [11] uses the fact that if g
is a filiform Lie algebra of dimension n, there exists an adapted basis (X0, X1, . . . ,
Xn−1), such that
[X0, Xi] = Xi+1, i  1  n− 2,
[X0, Xn−1] = 0.
If we consider a family of nilpotent Lie algebras and we look for the graded
algebras with a given length, then we cannot assume the existence of an adequate
basis expressing the algebras in an easy way (as Ln in an adapted basis). This is a
first problem to solve in order to obtain the classification of such a graded family of
Lie algebras. Thus, firstly we will obtain an adapted homogeneous basis that allows
us to determine the structure of the considered family of Lie algebras. That family is
now stated.
Definition 2.2. An n-dimensional nilpotent Lie algebra g is said to be quasi-filiform
if Cn−3g = 0 and Cn−2g = 0, where C0g = g,Cig = [g,Ci−1g].
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Thus, an n-dimensional quasi-filiform Lie algebra is characterized by its nilindex
k = n− 2, which determines all the algebras belong to the quasi-filiform family.
Hence, the number of subspaces for the natural gradation in the quasi-filiform case
is n− 2, and we have interested in a gradation with n subspaces, i.e., a maximum
length gradation.
As in the filiform case, to obtain the n-dimensional naturally graded quasi-filiform
Lie algebras we can see in [3] how to get an adapted homogeneous basis, i.e., a basis
(X0, X1, . . . , Xn−2, Y ), formed by homogeneous vectors, such that
[X0, Xi] = Xi+1, i  1  n− 3,
[X0, Xn−2] = [X0, Y ] = 0.
We will show that it can be chosen an adapted homogeneous basis for any possible
maximum length gradation on a quasi-filiform Lie algebra. That is, we will prove that
if g = ⊕g is an n-dimensional graded quasi-filiform Lie algebra such that l(⊕g) = n,
it is always possible to find for such a gradation an adapted basis of g formed by
homogeneous vectors.
Theorem 2.3. If g is an n-dimensional quasi-filiform Lie algebra of maximum length
that admits the decomposition g = gn1 ⊕ · · · ⊕ gn1+n−1, then there exists an adapt-
ed homogeneous basis of g.
Proof. We will consider the cases n1  0, n1 + n− 1  0 and n1 < 0 < n1 +
n− 1.
Let g be a quasi-filiform Lie algebra that admits the decomposition g = gn1 ⊕· · · ⊕ gn1+n−1, with n1  0. As in [5], we can obtain an adapted homogeneous basis
of g, by considering each element of the basis determined by the appropriate di-
agonalizable derivation of the algebra g. When the index in every subspace on the
gradation is negative, we can obtain the basis by reducing the study, by symmetry, to
the anterior case.
Now, let g be a quasi-filiform Lie algebra that admits the decomposition g =
gn1 ⊕ · · · ⊕ gn1+n−1, with n1 < 0 < n1 + n− 1. As the nilindex of g is k = n− 2,
there exists p ∈ Z such that dimCig = n− 1 − i for 1  i  p − 1, and dimCig =
n− 2 − i for p  i  n− 2. We will distinguish the case p = 1, i.e., when dimC1g
= n− 3, from the case p /= 1, where dimC1g = n− 2. The treatment is similar
in both cases. We consider a homogeneous basis of g = ⊕g for the gradation and
the vectors of the basis belong to g/C1g. Then, as dimCi−1g − dimCig just can
be equal to 1 or 2, we can determine g/Cig. Hence, we can obtain an appropriate
reordering of the vectors which leads to the adapted homogeneous basis of g.
For instance, if p = 1, then dimC1g = n− 3. Let (Un1 , . . . , Un1+n−1) be a ho-
mogeneous basis of g such that gi = 〈Ui〉. Suppose that g/C1g = 〈Ui, Uj , Uk〉, g/C2
g = 〈Ui, Uj , Uk, Ut 〉 and [Ui, Uj ] = ai,jUt , with ai,j /= 0; then Ut cannot be gen-
erated by [Ui, Uk] or [Uj ,Uk] because Ut ∈ gi+j . Moreover, if Ut = [Ur,Us], with
r, s /∈ {i, j, k}, then Ut is necessarily generated at least by one vector of C1g. Hence,
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Ut ∈ C2g, which is a contradiction with g/C2g = 〈Ui, Uj , Uk, Ut 〉; so we can take
Ut = Ui+j . In this way, we obtain g/Crg = 〈Ui, Uj , Uk, Ui+j , U2i+j , . . . ,
U(r−1)i+j 〉, with [Ui, Usi+j ] = U(s+1)i+j . From the hypothesis dimC1g = n− 3,
we have the algebra g = 〈Ui, Uj , Uk, Ui+j , . . . , U(n−3)i+j 〉, with [Ui, U(n−3)i+j ] =
0. Finally, as [Ui, Uk] = 0 implies that there exists r such that dim gr = 2, we con-
clude [Ui, Uk] = 0. Thus, the basis (Ui, Uj , Uk, Ui+j , . . . , U(n−3)i+j ) is an homog-
enous and adapted basis of g. Moreover, since the gradation of g is connected, we
can check all the possible values for (i, j, k). Indeed, i has to be equal to ±1. For
i = 1, we obtain (1, 2 − n, 0), (1, 3 − n, 2), or (1, 3 − n, 2 − n); and for i = −1,
the possible values are (−1, n− 2, 0), (−1, n− 3,−2), or (−1, n− 3, n− 2).
In a similar way, when dimC1g = n− 2, the algebra is finally obtained from
an initial homogeneous basis (Un1 , . . . , Un1+n−1) as g = 〈Uj ,Ui, Ui+j , . . . ,
U(n−3)i+j , Uqi+2j 〉, and then it is also determined by an adapted homogeneous ba-
sis. Now, the possible values are i = 1, j = 3 − n and qi + 2j = 2 − n or i = −1,
j = n− 3 and qi + 2j = n− 2. 
Of course, we cannot obtain different Lie algebras from the considered gradations
by just reordering the indices of the subspaces. Thus, if an algebra g admits the de-
composition g = g−n+2 ⊕ · · · ⊕ g1, then also admits the equivalent decomposition
g = g−1 ⊕ · · · ⊕ gn−2. Analogously, we will not distinguish for an algebra g the de-
compositions g = g−n+3 ⊕ · · · ⊕ g2, g = g0 ⊕ · · · ⊕ gn−1, and g = g1 ⊕ · · · ⊕ gn
from their equivalent, which are respectively, g = g−2 ⊕ · · · ⊕ gn−3, g = g−n+1 ⊕
· · · ⊕ g0, and g = g−n ⊕ · · · ⊕ g−1.
Next corollary expresses the decompositions of g by using the adapted homoge-
neous basis obtained in Theorem 2.3.
Corollary 2.4. Let g be an n-dimensional quasi-filiform Lie algebra of maximum
length. Then, there exists an adapted homogeneous basis (X0, X1, . . . , Xn−2, Y ) of
g such that:
(a) If the decomposition of g is g = g−n+2 ⊕ · · · ⊕ g0 ⊕ g1, then
g = 〈Y 〉 ⊕ 〈X1〉 ⊕ 〈X2〉 ⊕ · · · ⊕ 〈X0〉
or
g = 〈X1〉 ⊕ 〈X2〉 ⊕ · · · ⊕ 〈Y 〉 ⊕ 〈X0〉.
(b) If the decomposition of g is g = g−n+3 ⊕ · · · ⊕ g1 ⊕ g2, then
g = 〈X1〉 ⊕ 〈X2〉 ⊕ · · · ⊕ 〈X0〉 ⊕ 〈Y 〉.
(c) If the decomposition of g is g = g0 ⊕ g1 ⊕ · · · ⊕ gn−1, then
g = 〈Y 〉 ⊕ 〈X0〉 ⊕ 〈X1〉 ⊕ · · · ⊕ 〈Xn−2〉.
(d) If the decomposition of g is g = g1 ⊕ g2 ⊕ · · · ⊕ gn, then
g = 〈X0〉 ⊕ 〈Y 〉 ⊕ 〈X1〉 ⊕ · · · ⊕ 〈Xn−2〉
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or
g = 〈X0〉 ⊕ 〈X1〉 ⊕ · · · ⊕ 〈Xn−2〉 ⊕ 〈Y 〉.
Proof. Obtaining the decomposition of g by using an adapted homogeneous basis is
a similar problem in each case to consider. For example, if g = g−n+2 ⊕ · · · ⊕ g0 ⊕
g1, i.e., if g admits a gradation where there are positive and negative indices of the
subspaces, then Theorem 2.3 guarantees the existence of an adapted homogeneous
basis and we have
g = 〈Ui, Uj , Uk, Ui+j , . . . , U(n−3)i+j 〉
or
g = 〈Uj ,Ui, Ui+j , . . . , U(n−3)i+j , Uqi+2j 〉.
In the first case, if i = 1, k = 0 and j = 2 − n, taking X0 = U1, Y = U0 and Xi =
Ui+1−n for 1  i  n− 2, we have the algebra g as
g = 〈X1〉 ⊕ 〈X2〉 ⊕ · · · ⊕ 〈Y 〉 ⊕ 〈X0〉.
If i = 1, k = 2 − n and j = 3 − n, taking X0 = U1, Y = U2−n, and Xi = Ui+2−n
for 1  i  n− 2, then the algebra g is
g = 〈Y 〉 ⊕ 〈X1〉 ⊕ 〈X2〉 ⊕ · · · ⊕ 〈X0〉.
In the second case, g = 〈Uj ,Ui, Ui+j , . . . , U(n−3)i+j , Uqi+2j 〉; here, if i = 1, j =
3 − n and qi + 2j = 2 − n, taking X0 = U1, Xi = Ui+2−n for 1  i  n− 2 and
Y = Uqi+2j , the algebra g admits the decomposition
g = 〈X1〉 ⊕ 〈X2〉 ⊕ · · · ⊕ 〈Y 〉 ⊕ 〈X0〉.
Finally, the algebra
g = 〈X1〉 ⊕ 〈X2〉 ⊕ · · · ⊕ 〈X0〉 ⊕ 〈Y 〉
is obtained when i = 1, k = 2 and j = 3 − n.
The other decompositions can be obtained in a similar way. 
The preceding corollary means that if g is an n-dimensional quasi-filiform Lie al-
gebra of maximum length l(g) = n, we can determine its decomposition in an adapt-
ed homogeneous basis (X0, X1, . . . , Xn−2, Y ) by setting the index n1 of the first sub-
space on the gradation and the index m of the subspace including vector Y. This fact
will be called the type of the algebra g. So if (X0, X1, . . . , Xn−2, Y ) is an adapted
homogeneous basis of an n-dimensional quasi-filiform Lie algebra g = gn1 ⊕ · · · ⊕
gn1+n−1, the algebra g is called an algebra of type g = g(n,n1,m) if Y ∈ gm.
This notation simplifies the computations to study the classification of the quasi-
filiform Lie algebras of maximum length.
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3. Quasi-filiform Lie algebras of maximum length
In order to obtain the classification, we will separate the quasi-filiform family into
subfamilies determined by the maximum length gradations. The type of the algebra
will be the key to obtain the non-isomorphic algebras of such families. Thus, we
will distinguish among the cases deduced from the decompositions determined in
Corollary 2.4.
Obviously, since we can join the subspace C at the end of the gradation of g to
get the appropriate gradation for g ⊕ C, every trivial algebraic extension g ⊕ C of an
(n− 1)-dimensional filiform Lie algebra g of maximum length is also an n-dimen-
sional quasi-filiform Lie algebra of maximum length. Thus, the algebras Ln−1 ⊕ C,
Rn−1 ⊕ C, Wn−1 ⊕ C, Kn−1 ⊕ C and Q′n−1 ⊕ C are quasi-filiform Lie algebras of
maximum length [6]. All these algebras are examples of split Lie algebras g ⊕ C,
whose decompositions actually lie in g.
We will determine in this section the quasi-filiform Lie algebras of maximum
length which are non-split. That is, those graded quasi-filiform algebras that are not
trivial algebraic extensions of filiform Lie algebras. We now introduce examples of
such algebras. They are defined in a basis (X0, X1, . . . Xn−2, Y ) as follows:
If n  5 and n is odd, the algebra
g1(n,1) =
{
[X0, Xi] = Xi+1, 1  i  n− 3,
[Xi,Xn−2−i] = (−1)i−1Y, 1  i  (n− 3)/2.
If n  5, the algebra
g2(n,1) =
{
[X0, Xi] = Xi+1, 1  i  n− 3,
[Xi, Y ] = Xi+2, 1  i  n− 4.
If n  7, the algebra
g3(n,1) =


[X0, Xi] = Xi+1, 1  i  n− 3,
[Xi, Y ] = Xi+2, 1  i  n− 4,
[X1, Xi] = Xi+3, 2  i  n− 5.
One can check that the n-dimensional Lie algebras g1(n,1), g
2
(n,1) and g
3
(n,1) are qua-
si-filiform Lie algebras of maximum length, and (X0, X1, . . . Xn−2, Y ) is an adapted
homogeneous basis for each algebra.
We will prove in this section that there are no n-dimensional quasi-filiform Lie
algebras of maximum length different from the algebras described above, when the
dimension is greater than 12. Actually, those algebras are non-isomorphic, and the
next proposition includes the appropriate invariants of the proof.
Proposition 3.1. The quasi-filiform Lie algebras g1(n,1) (n odd), g2(n,1) and g3(n,1),
defined above, are pairwise non-isomorphic.
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Table 1
g dim(cen g) dim(C1g) dim(ceng C1g)
g1
(n,1) ( n odd) 2 n− 2 –
g2
(n,1) 1 n− 3 n− 2
g3
(n,1) 1 n− 3 n− 3
Proof. In Table 1, observe that for any pair of algebras there exists an invariant
showing that they are non-isomorphic. 
We will now study the quasi-filiform Lie algebras of type g = g(n,n1,a) with n1 <
0, and then we will consider n1  0.
3.1. Algebras of type g = g(n,n1,m) with n1 < 0
If the algebra g has type g = g(n,n1,m) with n1 < 0, then Corollary 2.4 implies that
it is g = g(n,2−n,m), for m = 0, 2 − n, or it is g = g(n,3−n,2). We consider separately
those cases.
Proposition 3.2. Let g be an n-dimensional non-split quasi-filiform Lie algebra of
type g = g(n,2−n,m) with n  4. Then, the dimension of the algebra has to be odd
and g is isomorphic to g1(n,1).
Proof. Let (X0, X1, . . . , Xn−2, Y ) be an adapted homogeneous basis of g, deter-
mined by Corollary 2.4. We will distinguish the type g = g(n,2−n,m), when m = 0
from m = n− 2. Suppose the quasi-filiform Lie algebra g has type g = g(n,2−n,0).
By Corollary 2.4, g admits the decomposition g = 〈X1〉 ⊕ · · · ⊕ 〈Xn−2〉 ⊕ 〈Y 〉 ⊕
〈X0〉, with Y ∈ g0. Then the nilpotency of g implies [Xi, Y ] = 0 for all i. Thus Y ∈
cen g. Moreover, the structure of the gradation implies that Y /∈ C1g. Therefore, the
algebra is g = g′ ⊕ 〈Y 〉, which is a split algebra.
Now, let g be an algebra of type g = g(n,2−n,2−n). Then g admits the decomposi-
tion g = 〈Y 〉 ⊕ 〈X1〉 ⊕ · · · ⊕ 〈Xn−2〉 ⊕ 〈X0〉, and the algebra belongs to the family
g =


[X0, Xi] = Xi+1, 1  i  n− 3,
[Xi,Xj ] = ai,jXi+j+2−n, 1  i < j  n− 2, n− 1 − i  j,
[Xi,Xn−2−i] = aiY, 1  i  (n− 3)/2,
with the structure constants {ai}, {aij } satisfying the algebraic relations obtained
from Jacobi’s identities. The Jacobi identity [X, [Y,Z]] + [Y, [Z,X]] + [Z, [X, Y ]]
= 0 to the vectors X, Y, Z, will be denoted J (X, Y,Z) = 0 from now on.
According to the nilpotency of g, we obtain ai,j = 0 for all i, j . Indeed, when
i, j  n− 2, then i + j + 2 − n  min{i, j} and
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Ckg ⊃ 〈Xi+j+2−n, . . . , Xi, . . . , Xj , . . . , Xn−2〉
for all k; thus, g will not be nilpotent if there exists some aij = 0. The Jacobi relations
J (X0, Xi−1, Xn−2−i ) = 0, 2  i < (n− 1)/2, show that ai = −ai−1 for 2  i <
(n− 2)/2. Hence, if n is even, the Jacobi relation J (X0, X(n−4)/2, X(n−2)/2) =
0 proves that a1 = 0, and then we obtain the split algebra g = Ln−1 ⊕ C. Finally,
if n is odd, then ai = (−1)i−1a1 for 2  i  (n− 3)/2. If a1 = 0, the algebra is
g = Ln−1 ⊕ C as well. Thus, it has to be a1 /= 0 and we just obtain the algebra
g = g1(n,1). 
When g has type g = g(n,3−n,2), the key to get the classification is that Y /∈ C1g
determines the law of the family where the algebra g belongs to.
Proposition 3.3. Let g be an n-dimensional non-split quasi-filiform Lie algebra of
type g = g(n,3−n,2) with n  5. Then, the algebra g is isomorphic to g2(n,1).
Proof. Let (X0, X1, . . . , Xn−2, Y ) be an adapted homogeneous basis of the alge-
bra g, determined by Corollary 2.4. As the algebra g admits the decomposition g =
〈X1〉 ⊕ · · · 〈Xn−2〉 ⊕ 〈X0〉 ⊕ 〈Y 〉, where Y ∈ g2, and the structure of the gradation
implies Y /∈ C1g, we can suppose that g belongs to the family
g =


[X0, Xi] = Xi+1, 1  i  n− 3,
[Xi,Xj ] = ai,jXi+j+2−n, 1  i < j  n− 2,
[Xi, Y ] = aiXi+2, 1  i  n− 4.
Thus, as in Proposition 3.2, it is ai,j = 0 for all i, j . Because of the Jacobi relations
J (X0, Xi, Y ) = 0 we obtain that ai = ai+1, and we must consider a1 = 0 to get
non-split algebras. Then, the change of scale X′i = Xi, Y ′ = (1/a1)Y let us consider
a1 = 1. It follows that g = g2(n,1). 
3.2. Algebras of type g = g(n,n1,m) with n1  0
If the algebra g has type g = g(n,n1,m), with n1  0, then Corollary 2.4 implies
that it is g = g(n,0,0), g = g(n,1,2) or g = g(n,1,n). As in the previous section we con-
sider separately each case. The last case is more difficult than the others, and we
have to consider the structure by starting from the equations provided from some
Jacobi’s identities, which are obtained by an appropriate choice of a graded filiform
Lie algebra.
First of all, one can check that there are no non-split algebras of type g = g(n,0,0).
Indeed, [g0, gi] = 0 is verified because of the nilpotency of g, and Y /∈ C1g. Thus,
we have the following proposition.
Proposition 3.4. If an n-dimensional quasi-filiform Lie algebra g has type g =
g(n,0,0), then g is a split algebra.
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If the type of the algebra is g = g(n,1,2), then g admits the gradation given in Cor-
ollary 2.4 by g = 〈X0〉 ⊕ 〈Y 〉 ⊕ 〈X1〉 ⊕ · · · ⊕ 〈Xn−2〉 in an adapted homogeneous
basis. We will use induction on the dimension of the algebra g to prove that g = g2(n,1)
or g = g3(n,1).
Proposition 3.5. Let g be an n-dimensional non-split quasi-filiform Lie algebra of
type g = g(n,1,2) with n  5. Then, the algebra g is either isomorphic to g2(n,1) or to
g = g3(n,1).
Proof. We can check that the state is true when n  7. Indeed, when n = 5 or
n = 6 the algebra g3(n,1) is not defined and g = g2(n,1), and when n = 7 the algebra is
g = g2(7,1) or g = g3(7,1). Consider n  7, suppose the n-dimensional algebras of type
g = g(n,1,2) are isomorphic either to g2(n,1) or to g3(n,1), and let g be an (n+ 1)-algebra
of type g = g(n+1,1,2). Then, if (X0, X1, . . . , Xn−2, Xn−1, Y ) is an adapted homoge-
neous basis of the algebra g, determined by Corollary 2.4, we have the decomposition
g = g1 ⊕ g2 ⊕ · · · ⊕ gn+1, with
g = 〈X0〉 ⊕ 〈Y 〉 ⊕ 〈X1〉 ⊕ · · · ⊕ 〈Xn−2〉 ⊕ 〈Xn−1〉.
Therefore, since Cn−2g = 〈Xn−1〉, denoting each class by the corresponding ele-
ment, we obtain an adapted homogeneous basis (X0, X1, . . . , Xn−2, Y ) of the quo-
tient algebra
g/Cn−2g = 〈X0〉 ⊕ 〈Y 〉 ⊕ 〈X1〉 ⊕ · · · ⊕ 〈Xn−2〉.
Hence, we have that g/〈Xn−1〉 is an n-dimensional quasi-filiform Lie algebra of type
g(n,1,2), where the induction hypothesis can be applied. Then, we have the brackets
in the algebra g as follows:

[X0, Xi] = Xi+1, 1  i  n− 2,
[Xi, Y ] = Xi+2, 1  i  n− 4,
[Xn−3, Y ] = AXn−1,
[X1, Xi] = αXi+3, 2  i  n− 5,
[Xi,Xn−3−i] = ai Xn−1, 1  i < (n− 3)/2,
with α = 0 or α = 1.
Firstly, we can suppose A = 1 because of the Jacobi relation J (X0, Xn−4, Y ) =
0. Now, the Jacobi relations J (X0, Xi,Xn−4−i ) = 0, 2  i < (n− 4)/2, imply
respectively, the equations ai = (−1)i−2a2, and the equation α = a2 + a1 follows
from J (X0, X1, Xn−5) = 0. Finally, we consider the Jacobi relation J (X1, Xn−6, Y )
= 0, which implies a1 = α − a3. Then we obtain a1 = α, and ai = 0 for all i /= 1.
Thus, we conclude that the algebra g is either g = g2(n+1,1), when α = 0, or g =
g3(n+1,1) if α = 0. 
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In the next proposition we will determine the quasi-filiform Lie algebras of type
g = g(n,1,n). To obtain the classification we have considered some restrictions for the
n-dimensional graded quasi-filiform family of maximum length, which agree with
an (n− 1)-dimensional graded filiform family of maximum length. In [10], Reyes
considers a filiform Lie algebra g admitting the gradation g = g1 ⊕ · · · ⊕ gn with
gi = 〈Xi−1〉, and determines what conditions must verify the structure constants of
the family of such graded algebras. It is collected in the following lemma.
Lemma 3.6 (cf. [10]). Let g be an n-dimensional filiform Lie algebra, with n even
and n  12, that admits a gradation g = g1 ⊕ · · · ⊕ gn with gi = 〈Xi−1〉. Then, the
law of the algebra g belongs to the family{
[X0, Xi] = Xi+1, 1  i  n− 2,
[Xi,Xj ] = ai,j Xi+j+1, 1  i < j  n− i − 2,
where the structure constants {aij } take one of the following set of values:
1. {ai,j = 0 for all i, j.
2.
{
a1,j = β, 2  j  n− 3,
ai,j = 0 for i /= 1.
3. ai,j = 6(i−1)!(j−1)!(j−i)(i+j)! β, 1  i < j  n− 2 − i.
4.


ai,n−3−i = (−1)i−1β, 1  i  (n− 4)/2,
ai,n−2−i = (−1)i−1
(
n−2−2i
2
)
β, 1  i  (n− 4)/2,
ai,j = 0, in other case.
We now can use the equations in the previous lemma to obtain the graded qua-
si-filiform Lie algebras of type g = g(n,1,n). We will consider the equations from
the appropriate filiform case among those equations which define the considered
quasi-filiform family. The result is analogous to Proposition 3.2.
Proposition 3.7. Let g be an n-dimensional non-split quasi-filiform Lie algebra of
type g = g(n,1,n) with dim g  13. Then, the dimension of the algebra has to be odd
and g is isomorphic to g1(n,1).
Proof. Let (X0, X1, . . . , Xn−2, Y ) be an adapted homogeneous basis of the alge-
bra g = g1 ⊕ · · · ⊕ gn−1 ⊕ gn, determined by Corollary 2.4. Then, gi = 〈Xi−1〉 for
1  i  n− 1 and gn = 〈Y 〉. Hence, the algebra g belongs to the family

[X0, Xi] = Xi+1, 1  i  n− 3,
[Xi,Xj ] = ai,jXi+j+1, 1  i < j  n− 3 − i,
[Xi,Xn−2−i] = aiY, 1  i  (n− 3)/2.
From the Jacobi relations J (X0, Xi,Xn−3−i ) = 0, 1  i  (n− 4)/2, we obtain
the equations ai = (−1)i−1a1. If n is even, the Jacobi relation J (X0, X(n−4)/2,
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X(n−2)/2) = 0 implies a1 = 0, so the algebra g is split. Thus n is odd, and we can
suppose a1 = 1 by changing the scale if it is necessary. Now, consider the Jacobi
relations J (Xi,Xj ,Xk) = 0, where 0  i < j < k  n− 4 − i − j for the algebra
g. These relations imply some equations on the structure constants of g. Then, we
will show that the obtained equations are those stated in Lemma 3.6. Indeed, con-
sider an (n− 1)-filiform Lie algebra g′ admitting the gradation g′ = g1 ⊕ · · · ⊕ gn−1
with gi = 〈Xi−1〉. One can check easily that the Jacobi relations J (Xi,Xj ,Xk) = 0,
where 0  i < j < k  n− 3 − i − j , are the same for the algebras g′ and g. Thus,
these relations imply some equations for the algebra g, which can be deduced from
those obtained for the algebra g′. Therefore, as g′ has dimension n− 1 even, Lemma
3.6 provides us the equations that we are looking for. Thus, we have the structure
constants of the family of g reduced in the way of Lemma 3.6. Finally, from the Ja-
cobi relations J (Xi,Xj ,Xn−3−i−j ) = 0, 1  i < j  (n− 3 − i)/2, we obtain,
in each case, ai,j = 0 for all i, j . Hence, we conclude that the algebra g is g1(n,1). 
Remark 1. The result obtained in Proposition 3.7 is also valid even for algebras of
type g = g(n,1,n), with dim g < 13, if we add the algebras below, which have been
obtained by studying the family in every concrete dimension.
If dim g = 7,
g =


[X0, Xi] = Xi+1, 1  i  4,
[X1, Xi] = Xi+2, 2  i  3,
[Xi,Xn−2−i] = (−1)i−1Y, 1  i  2.
If dim g = 9,
g =


[X0, Xi] = Xi+1, 1  i  6,
[X1, Xi] = Xi+2, 2  i  3,
[X1, X4] = 3X6,
[X1, X5] = 5X7,
[X2, Xi] = −2Xi+3, 3  i  4,
[Xi,Xn−2−i] = (−1)i−1Y, 1  i  3.
If dim g = 11,
g =


[X0, Xi] = Xi+1, 1  i  6,
[X1, Xi] = Xi+2, 2  i  3,
[X1, Xi] = −Xi+2, 5  i  6,
[X2, Xi] = Xi+3, 3  i  4,
[X3, Xi] = Xi+4, 4  i  5,
[Xi,Xn−2−i] = (−1)i−1Y, 1  i  4.
We can also remark that every n-dimensional quasi-filiform Lie algebra of max-
imum length l(g) = n can be obtained as an algebra of type g = g(n,1,n), i.e., there
exists a connected gradation on the algebra g such that g = g1 ⊕ · · · ⊕ gn. Thus,
the subscript (n, 1) in the algebras gi(n,1), i = 1, 2, 3, stands for the dimension and
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the index of the first subspaces on the gradation. We can summarize the previous
propositions in the following classification theorem, which determines the non-split
quasi-filiform Lie algebras of maximum length.
Theorem 3.8 (Quasi-filiform Lie algebras of maximum length). Let g be an n-di-
mensional non-split quasi-filiform Lie algebra of maximum length l(g) = n, n  13.
Then, the algebra g is either isomorphic to g1(n,1) (n odd), or to g2(n,1) or to g3(n,1),
where gi(n,1), 1  i  3 are the algebras mentioned in Proposition 3.1. When n < 13
we have to consider the algebras in Remark 1 as well.
4. Conclusions
We have obtained the general classification for a class of nilpotent Lie algebra in
any dimension. The graded quasi-filiform Lie algebras of maximum length, where
the length of an algebra is defined to be the greatest number of subspaces, form
the connected gradations (without trivial subspaces) which can be obtained on the
algebra. The obtained graded algebras are better than the naturally graded ones to
solve some cohomological problems.
The achieved classification should not hide the role that symbolic computation
has played to obtaining such results. A family of Lie algebras is usually determined
by a set of polynomial equations involving the structure constants of the family, and
it is obtained from some restrictions which have to be considered about such algebras
from Jacobi’s relations, nilindex, gradation, etc. Then, determining a family of Lie
algebras in a reliable way is a very complicated problem. Moreover, the basic object
to study is an n-dimensional Lie algebra, whose law is usually given in an adequate
basis. Often, we have to change the considered basis and we have to determine how
the family is modified. Obviously, a general change of basis in arbitrary dimension
cannot be done. So we have to “guess” the change of basis which simplifies the law
of the family. Finally, in some cases the theorems come from the family of algebras
whose laws are very simple, but in many cases we must make a lot of computations
to get examples which allows us to find out the right way to the solution of the
considered problem.
Thus, we have developed many algorithms to assist us where a computation “by
hand” could be either dangerous or almost impossible. Most of them have been im-
plemented in the symbolic programming language that the package Mathematica
provides [12].
Mathematica has been always considered just as an assistant to obtain examples of
concrete families of graded Lie algebras in high enough dimensions, to help to find
the classification is such families, and eventually, when we supposed the families
with an arbitrary dimension, to check how could be described the general result.
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Mathematica has become a well-known symbolic software to make computations in
a reliable way. The developed programming can be found through the authors of this
paper, and it can be easily modified to be used in similar problems. Moreover, we
have used the developed Mathematica packages to check some conjectures that could
be made in order to modify the packages when a general result was been stated. Thus,
we have used Mathematica in an interactive way, and we often find some problems
different from the initial ones. Some of them remain as interested open questions.
For instance, the split quasi-filiform Lie algebra g = g′ ⊕ C, defined in a basis
(X0, X1, . . . , Xn−2, Y ), by
g =
{[X0, Xi] = Xi+1, 1  i  n− 3,
[X1, Xi] = Xi+3, 2  i  n− 5
admits the gradation g = g1 ⊕ · · · ⊕ gn, where 〈X0〉 ∈ g1, Y ∈ g2 and Xi ∈ gi+2 for
1  i  n− 2. Thus, g has maximum length l(g) = n. However, the algebra g′, de-
fined in the basis (X0, X1, . . . , Xn−2) by the same brackets of g, is a filiform Lie
algebra which cannot be properly graded (it has length l(g′) = 1) [6]. Then, by con-
sidering a gradation on the split quasi-filiform Lie algebra g = g′ ⊕ C, we could
study some properties of the filiform Lie algebra g′.
Then, the question is to determine the filiform Lie algebras g′, which cannot be
graded and whose trivial extension g = g′ ⊕ C is a quasi-filiform Lie algebra g hav-
ing maximum length. The determination of such (g, g′) pairwise Lie algebras in
arbitrary dimension could be a problem of considerable magnitude because it leads
with filiform Lie algebras, and the classification of the family of filiform Lie algebras
is just known for low dimensions [4].
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